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Introduction

The object we want to study is the number Js,k(X) of solutions to the Vino-
gradov system of diophantine equations

xj
1 + . . .+ xj

s = xj
s+1 + . . .+ xj

2s

where 1 ≤ xi ≤ X are integers and 1 ≤ j ≤ k. The result we are interested
in is the

Conjecture (Vinogradov Mean Value Theorem): For every s, k ≥ 1,
we have the bound

Js,k(X) ≲s,k,ϵ X
ϵ(Xs +X2s−k(k+1)/2)

In particular, we are most interested in the ”critical index” s = k(k + 1)/2,
as this case implies the full conjecture fairly easily. This conjecture has several
important consequences, including the best known description of the zero-free
region of the Riemann zeta function. In 2014, Wooley proved the conjecture
for k = 3 (and later extended it to k ≥ 4 as in [Woo19]) using his ”efficient
congruencing” technique, which we will discuss here.

Motivation for the Bound

If we denote

fk(α,X) =
∑

1≤x≤X

e2πi(α1x+α2x
2+...+αkx

k)

then
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∫
[0,1]k

|f(α,X)|2sdα =

∫
[0,1]k

(
f(α,X)f(α,X)

)s
dα

=

∫
[0,1]k

∑
1≤x1,...,x2s≤X

e2πi((x1−xs+1+...+xs−x2s)α1+...+(xk
1−xk

s+1+...+xk
s−xk

2s)αk)dα

= Js,k(X)

since the coefficients of the αi must all be simultaneously zero to make the
integral nonzero.

Noting that

|(xj
1 − xj

s+1) + . . .+ (xj
s − xj

2s)| ≤ sXj

the diophantine equations

(xj
1 − xj

s+1) + . . .+ (xj
s − xj

2s) + hj = 0

where |hj | ≤ sXj therefore capture all permutations of xis, and so have at
least X2s solutions. Therefore, applying the same argument as above to this
new system of equations,

X2s ≤
∑

|hj |≤sXj

∫
[0,1]k

|f(α,X)|2se2πih·αdα ≤ skX1 · · ·XkJs,k(X)

so we have the lower bound

Js,k(X) ≳ X2s−k(k+1)/2

We also have the trivial lower bound

Js,k(X) ≳ Xs

by taking x1 = xs+1 and so on. This motivates the right hand side of our
main conjecture; if the conjecture is true we have more or less entirely captured
the asymptotic behaviour of Js,k(X).

Passing to Congruences

The Vinogradov system of diophantine equations is invariant under dilations
and translations. That is,

s∑
i=1

xj
i =

2s∑
i=s+1

xj
i

if and only if
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s∑
i=1

(λxi + c)j =

2s∑
i=s+1

(λxi + c)j

Proof:
Since our system of equations is homogeneous, it is clearly dilation invariant.

Now,

s∑
i=1

(xi + c)j =

s∑
i=1

j∑
l=0

(
j
l

)
xl
ic

j−l

=

j∑
l=0

(
j
l

)
cj−l

s∑
i=1

xl
i

But for l ≤ j ≤ k,

s∑
i=1

xl
i =

2s∑
i=s+1

xl
i

so

s∑
i=1

(xi + c)j =

j∑
l=0

(
j
l

)
cj−l

s∑
i=1

xl
i =

j∑
l=0

(
j
l

)
cj−l

2s∑
i=s+1

xl
i =

2s∑
i=s+1

(xi + c)j

so the system is also translation invariant □

This fact will be useful momentarily. In the mean time, we make a new
definition

fa(α,X, ξ) =
∑

1 ≤ x ≤ X
x ≡ ξ mod pa

e2πi(α1x+...+αkx
k)

where p > k will be a fixed prime.
Now,

|f(α,X)|2s =

∣∣∣∣∣∣∣
p∑

ξ=1

∑
1 ≤ x ≤ X

x ≡ ξ mod p

e2πi(α1x+...+αkx
k)

∣∣∣∣∣∣∣
2s

≤ p2s−1

p∑
ξ=1

|f1(α,X, ξ)|2s

by Holder’s inequality with exponents 2s and 2s
2s−1 . Then,
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Js+k,k =

∫
[0,1]k

|f(α,X)|2s+2kdα

≤ p2s−1

∫
[0,1]k

|f(α,X)|2k
p∑

ξ=1

|f1(α,X, ξ)|2sdα

≤ p2s max
1≤ξ≤p

∫
[0,1]k

|f(α,X)|2k|f(α,X, ξ)|2sdα

Analogously to earlier, the integral will count solutions to the equations

k∑
i=1

(xj
i − yji ) =

s∑
l=1

((pul + ξ)j − (pvl + ξ)j)

(for 1 ≤ j ≤ k) as this will be when the exponents are zero (on the right hand
side we have written the general form of xis that are congruent to ξ modulo p).
But now we can use translation invariance! This system is equivalent to

k∑
i=1

((xi − ξ)j − (yi − ξ)j) = pj
s∑

l=1

(uj
l − vjl )

or

k∑
i=1

(xi − ξ)j ≡
k∑

i=1

(yi − ξ)j mod pj

Thus the congruences we picked were ”efficient” in the sense that we started
with requiring some information modulo p and ended up with some equations
modulo pj , which contain ”more” information. If the xi all lie in different con-
gruence class modulo p, we follow Wooley’s terminology [Woo12] and call x
”well-conditioned”. In a more rigorous argument, there is a step called ”condi-
tioning” which allows us to consider this as the general case. We now allow the
yi to vary freely, so that we are looking for solutions to

k∑
i=1

(xi − ξ)j ≡ nj mod pj

We need a lemma:

Linnik’s Lemma [Mon94]: The number of solutions to the system of con-
gruences

k∑
i=1

zji ≡ nj mod pj

where 1 ≤ j ≤ k for well conditioned zi is at most k!pk(k−1)/2
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Proof:
There are pk−j lifts of nj modulo pj to n′

j modulo pk. So there are pk(k−1)/2

ways to turn this into a system of congruences

k∑
i=1

zji ≡ n′
j mod pk

Now, if

k∑
i=1

zji ≡
k∑

i=1

wj
i mod pk

then the power sum symmetric functions (and thus all symmetric functions
as these form a basis) are equal on z and w. Therefore,∏

i

(t− zi) ≡
∏
i

(t− wi) mod pk

since the coefficients of tl are given by elementary symmetric functions in z
or w. Thus, ∏

i

(w1 − zi) ≡ 0 mod pk

and similarly for the rest of the ws. Thus the ws are necessarily a permuta-
tion of the zs (since being well conditioned prevents more than one zero divisor
from appearing in the product), of which there are k! possibilities. Multiplying
our choices together, we arrive at the result □

If we now chooseX < pk < 2X (such a p always exists due to the prime num-
ber theorem), a solution to these congruences is exactly a solution as integers.
That is,

0 =

k∑
i=1

((xi − ξ)j − (yi − ξ)j) = pj
s∑

l=1

(uj
l − vjl )

so the number of solutions to our system of equations is

Js+k,k(X) ≲ p2spk(k−1)/2XkJs,k(X/p)

≲ (X1/k)2s+k(k−1)/2XkJs,k(X/p)

Here the first term is from earlier, the second from the xs, the third from
the ys and the last term from the u and v equations, where we had pul+ ξ ≤ X
and similarly for the v.

So what was the point? It appears we have only complicated things thus
far. Well, if we denote by λ∗

s,k the smallest exponent such that
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Js,k(X) ≲s,k,ϵ X
λ∗
s,k+ϵ

and then write

λ∗
s,k = 2s− 1

2
k(k + 1) + ηs,k

then a reformulation of our main conjecture (at the critical index) is that
ηs,k = 0. What we have shown here is that

ηs+k,k ≤ ηs,k(1− 1/k)

It is known by essentially the same argument as Linnik’s lemma that Jk,k(X) ≤
k!Xk, so we can now induct on k to get Vinogradov’s original result

ηs,k ≤ k2

2
(1− 1/k)[s/k]

where the square brackets indicate rounding. You may notice that this is
pretty far from zero, however.

What Wooley did was instead of choosing p ≈ X1/k, he made the more
general choice of p ≈ Xθ for some various small θ. In particular, pk ≱ X in his
argument, so the solution modulo pk gives solutions of the form x = y+pkh. This
method is significantly more complicated than what has been outlined above,
but the moral is that he can now perform an ”induction on scales” argument,
where the scales are in the p-adic topology (that is, passing to congruences
modulo higher and higher powers of p in order to obtain stronger bounds). See
[Woo19], §2 for details.

An important thing to note about this method is that it is largely insensitive
to the number field we are working in, and thus also implies similar results over
arbitrary number (or function) fields and their localisations. This is discussed
more in [Woo19], §15, 17.

Analogy to Decoupling

The main conjecture has also been proved (by [BDG16], or [GLYZ21] for a
more efficient argument) via Fourier decoupling, and the arguments bear enough
similarities that it is thought they may be two examples of the same phenomena;
over archimedian and non-archimedian topologies (See [Pie20] §8.5 for some idea
of this).

Defining the moment curve

ΓJ = {(t, t2, . . . , tk) | t ∈ J}

for J ⊂ [0, 1] the extension operator for this curve is

EJf(x) =
∫
J

f(t)e2πi(x1t+x2t
2+...+xkt

k)dt
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as changing variables from the surface measure of the curve to a one di-
mensional parameter introduces these weights on the xi. The idea now is to
decouple E[0,1]f into δ-pieces EJf via the theorem of Bourgain, Demeter and
Guth:

∥E[0,1]f∥Ln(n+1) ≲n,ϵ δ
−ϵ

 ∑
J ⊂ [0, 1]
|J| = δ

∥EJf∥2Ln(n+1)


1/2

As a technical note, this Ln(n+1) space is weighted and the statement holds
for a particular class of weights. We omit these details here and going forward
in favour of a more efficient exposition.

This then allows us to obtain ”discrete decoupling”, that is, an expression
of the form

∫
Rn

∣∣∣∣∣
N∑
i=1

ane
2πi(x1ti+...+xkt

k
i )

∣∣∣∣∣
n(n+1)

dx ≲ϵ N
ϵ

(
N∑
i=1

|ai|2
)n(n+1)/2

where the ti lie in δ-separated (we interchangeably use δ and 1/N) sets J .
Note the similarity here to the efficient congruencing method; where the xi

were required to be in distinct residue classes modulo p, that is, separated in the
p-adic norm. In fact this analogy goes slightly further; as was briefly mentioned
earlier the efficient congruencing method usese translation-dilation invariance
to induct on p-adic scales, while the decoupling approach inducts on euclidean
scales.

The rest of the argument is considerably more technical, so we omit it.
Instead, let us briefly note that eventually the idea of bilinear estimates enters
the decoupling argument, which bears at least some similarity to our earlier
expression

Js+k,k ≤ p2s max
1≤ξ≤p

∫
[0,1]k

|f(α,X)|2k|f(α,X, ξ)|2sdα

(and in the full treatment given by Wooley, several other expressions of this
form appear). Effectively realising these two methods of proof as examples of
the same phenomena could have powerful implications, and lead to a better
understanding of analytic number theory.
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