DECOUPLING FOR THE CONE VIA THE PRAMANIK-SEEGER ITERATION

PO-LAM YUNG

Below we deduce decoupling inequality for the truncated cone

C:= {(61752,53)1 £=1\/G+8, 1</ +8 §2} CR?

using the Bourgain—Demeter decoupling theorem for the parabola and the Pramanik-Seeger iteration.
By rotational symmetry we focus around the point (£1,&2,&3) = (0,1,1) on C. We Taylor expand the
defining function of C' around (0,1, 1):
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Thus it will be convenient to perform a linear change of coordinates:

(m,m2sm3) = T(&1,62,83) == (§1,82,83 — &2),
so that the point (&1,&2,&3) = (0,1,1) on C corresponds to (n1,72,m3) = 1(0,1,1) = (0,1,0) on T(C), and

T(C) = {(m,nz,ns): ns=\/m7+n3 —mn2, 1 <y\/nf+n} < 2}.

Around the point (11, 72,73) = (0,1,0), the deﬁning function for T'(C) is now

n3— = +O (771(|772 — 1 +771))

so if we can, it will be advantageous to con51der only a neighborhood of (0,1,0) on T(C) where both ||
and |ns — 1] are small. This suggests one consider, for 0 < p,v < 1, functions whose Fourier transform is
supported in
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N (C)—{(&,Sz,fa)- E3—\JE+E&[ <0, 1<+ <1407, & >0, arctan§2 <6 }
so that if v <2u <1 — v, then
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T(Ng (C))Z{(ﬁl»nzaﬂs)i N3 —\/1E 05 2| <O, 1< \/nf+n5 <146, 1m0 >0, arctanm <5“}
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C {(771,772,773)1 m=0("), n2 =1+ 0(0"), ns = 577% +O0 (M3 (2 — 1| +n7)) + 0(5)}

1
< { o) m = 06"), 1 = gt + 06 |
(The first inclusion follows since there e = 1 + O(6%*) + O(8*) and v < 2u, while the second conclusion
follows since O(n?(|n2 — 1| +n%)) = O(8%#(6¥ + §2*)) < O(8%*+") when v < 2u, and O(5) < O(§?#1") when
2u+ v < 1.) In what follows we will fix 0 < v < 1, and gradually enlarge p from g =v/2 to p= (1 —v)/2.
Indeed, if f has Fourier transform supported in N}**(C), then f(T~'(x)) has Fourier transform supported
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in T(V"(C)), and if we freeze the xo variable, the function F(z1,23) := f(T~'(x1,22,23)) has Fourier
transform supported in a O(§?#**) neighborhood of the parabola of length O(6#) in R2. The decoupling
theorem for the unit parabola in R? allows one to decouple F' into § /2 pieces down to frequency rectangles
whose long side has length O(§#*2). But this can be done for every fixed 5 € R. Thus Minkowski inequality
implies that if  is supported in NEP(C) with 0 < v < 2p < 1—v, then
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where each f, has a Fourier support in a rotated copy of N, ; +%’V(C).

Suppose now f has Fourier transform supported in a § neighborhood of C. A trivial decoupling (using
Minkowski inequality) in the 5 direction decouples f into 6~ many pieces, with each piece Fourier supported
in a rotated copy of N, 50 Y(C). Another trivial decoupling decouples each of these 6~ many pieces further
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into 7%/% many pieces, with each piece Fourier supported in a rotated copy of N, c;%’V(C ). If we had initially
fixed v = 1/M for some big positive integer M, then after iterating the above inequality M — 1 times from
p=1%top=(M—1)%, we obtain
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where {0} are 1 x §'/2 x § caps that tile a § neighborhood of C'. It remains to note (M —1)v < 1, and choose
v < e/3 so that
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