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HESSIAN MEASURES 1

§1. Introduction

Let Q be a domain in Euclidean n-space, R". For k =1,2,--- ,n and u € C?(Q) the
k-Hessian operator, F}, is defined by

Fylu] = Se(M(D?u)), (1.1)

where A = (A1,---, A,) denotes the eigenvalues of the Hessian matrix of second deriva-

tives, D?u, and Sy, is the k" elementary symmetric function on R™, given by

Sk = D A (1.2)

i< <Ag

Alternatively we may write
Fy[u] = [D?uls, (1.3)

where [A]; denotes the sum of the k x k principal minors of an n x n matrix A. Our
purpose in this paper is to extend the definition of the Fj to corresponding classes of
continuous functions so that Fj[u] is a Borel measure and to consider the Dirichlet prob-
lem in this setting. A function u € C?(Q) is called k-convex (uniformly k-convex) in
Qif Fjju] > 0 (> 0) for j = 1,--- ,k. The operator Fy is degenerate elliptic (ellip-
tic) with respect to k-convex (uniformly k-convex) functions. When k = 1, we have
Fi[u] = Au and 1-convex functions are subharmonic. When k = n, Fy[u] = detD?u, the
Monge-Ampere operator, and n-convex functions are convex. To extend these notions to
continuous functions, we call a function u € C°(Q), k-conver, if there exists a sequence
{u,,} C C?*(Q) such that in any subdomain Q' CC Q, u,, is k-convex for sufficiently large
m and converges uniformly to u. It is easily seen that u € C°(Q) is k-convex if and only
if Fi[u] > 0 in the viscosity sense [11],[16], that is, whenever there exists a point y € Q
and function v € C?() satisfying u(y) = v(y), u < v in Q, we must have F[v](y) > 0.
As above a function u € C°(Q) is 1-convex if and only if it is subharmonic and n-convex
if and only if it is convex. In each of these cases, it is well known that the operator F}

can be defined as a Borel measure u;. For k = 1, p is the positive distribution given by

pa(p) = /QuAso (1.4)

1



for ¢ € C§°(£2), while for k = n,

pin(€) = [xu(e)] (1.5)

for any Borel set e C ), where x, is the normal (subgradient) mapping of the convex
function w [1], [4]. Let ®%(Q) denote the class of k-convex functions. In this paper
we shall prove that Fj[u] may be extended to ®*(2) as a Borel measure py, for all
k=1,---,n, and that the corresponding mapping u — pg[u] is weakly continuous on
C°%(©Q). The resultant measure ux[u] will be called the k-Hessian measure generated by

u.

Theorem 1.1.  For any u € ®%(Q), there exists a Borel measure ug[u] such that
()
plul(e) = [ il
for any Borel set e C Q, if u € C%(2), and

(i) if um — u locally uniformly in Q, then the corresponding measures pug[tum| — p|ul

weakly, that s,
/gduk[um] H/gduk[U], (1.6)
Q Q

for all g € C°(Q) with compact support.

Theorem 1.1 is proved in Section 2 of this paper as a consequence of various integral

inequalities for the operators Fj.
In Section 3 we consider the corresponding Dirichlet problem,

pe[u] = v in Q,

U= on 0f, (1.7)

in the class of k-convex functions. Under the hypotheses that the domain €2 is uniformly
(k—1)-convex, that is, 9Q € C? and H;[0Q] > 0,j =1,--- ,k—1, where H;[0] denotes
the j-mean curvature of the boundary 92 (see [17] [18]), and that the Borel measure v
can be decomposed as a sum,

v =uv1 + g, (1.8)

where v; € L'(Q) and v, has compact support in €, we prove the following existence

and uniqueness theorem.

Theorem 1.2.  For any ¢ € C°(Q), there exists a unique u € ®*(Q)NC°(Q) satisfying
(1.7), provided k > n/2.

Theorem 1.2 extends the case, p = 1, in [20], where an equivalent formulation of the

Dirichlet problem (1.7) is treated for inhomogeneous terms in LP spaces.
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In Section 4, we consider the extension of the measures py as signed measures on more
general classes of functions including semi-convex functions (as in [10]) and admissible
functions, for which the operators Fj are degenerate elliptic. Finally, in Section 5, we
apply Theorem 1.1 to extend Hessian integrals, (as defined in [7], [19], [24]), to contin-
uous k-convex functions. In particular we derive a convergence theorem, Theorem 5.1,

monotonicity results, Lemma 5.2, Corollary 5.3, and a variational formula, Theorem 5.4.

In an ensuing paper [23], we consider the extension of Theorem 1.1 to convergence in

measure, with applications to the cases k < n/2 in Theorem 1.2.

§2. Integral inequalities

In this section we develop some basic integral properties for the operators Fj which

lead to Theorem 1.1. First we establish a monotonicity property.

Lemma 2.1.  Let u,v € ®%(Q) N C?(Q) satisfy u =v on 9N, u > v in Q. Then

AHMSL&M (2.1)

Proof. By approximation of the functions v and v and use of Sard’s theorem, we may

assume 02 € C?. Setting, for a symmetric matrix r with eigenvalues A = (Ay,--- , \,),
ij 0
SH(r) = 50— Sk(A(r)) (2
Tij

and, using the identity [15],
D; S} (D*u) = 0, (2.3)

we then obtain, by the divergence theorem,
1
/ (Frlv] — Filu]) = / / S (sD*u+ (1 — s)D*v)D;j(v — u)
Q 0o Jo
1

= / Sy (sD*u+ (1 — 5)D*0)y;D; (v — u) (2.4)
0 o

where v denotes the unit outer normal to 9. Letting 0 denote the tangential gradient
in 01, given by
=D~y D), (2.5)

we can write the integrand in (2.4) as

S,ij(sDQU + (1 - 8)D*v)y; Dj(v —u) = S,ij (sD*u + (1 — s)D*v)y - D(v — u)vi7y;

>0 (2.6)
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since Qu = Ov on 0, v - Dv > ~ - Du on 0f), and the function su + (1 — s)v will be

k-convex for all s € [0, 1] (see Lemma 2.3 below). [

Next we note that a global control on F}, is provided, for example, by Reilly’s formula,
[15] (see also [17]),

/Q Filul = 1 / (v - Du) Hy,_1 [0, (2.7)

when u vanishes on 9€). Our next estimate shows that we can control the integral of Fj

locally in terms of the oscillation of .

Lemma 2.2. Let u € ®*(Q) N C%(Q). Then for any subdomain Q' CC €2, we have
/ Fi[u] < C(oscqu)*, (2.8)
where C' is a constant depending on Q and €.

To prove Lemma 2.2, we need a further property of k-convex functions.

Lemma 2.3.  Let ui, -, U, € ®*(Q) and f be a convex, non-decreasing function in

R™. Then the composite function

18 also k-convez.

Proof. As a special case of Lemma 2.3, we see that linear combinations of k-convex
functions with non-negative coefficients are also k-convex. This follows immediately

from the convexity of the cones

o= {re$" | SAr) > 0,5 =1, -k},

5 (2.9)
Tp={res$"|S;\r)>0,j=1---k}

in $", the space of real, n x n, symmetric matrices. For the general case, it suffices to
assume g, - - Uy, € PF(Q) N C%(Q) with f € C2(R™). Then we have by calculation,
of 0% f

Dijw = 8_upDZ‘7uP + mDiuijuq

so that D?w € T, since

of B 0 f
6—%20727—1,""7”7 [ ]ZO

and I'y, is convex. [J



Proof of Lemma 2.2. Let B = Bpg(y) be a ball of radius R and centre y, lying in Q
and for 0 < o < 1, let B,r denote the concentric ball of radius cR. Without loss of
generality we may assume y = 0 and, by subtraction of a suitable constant, u < —e in B
for some given positive constant €. Setting

mo Jz?

P(z) = — (1 72 ), mo = i%fu, (2.10)
w(z) = max{u, Y}

it follows from Lemma 2.3, that w is k-convex in B and w = u in B,r, w = 1 on 0B.
Our desired result follows by applying Lemma 2.1 to the function w and . To overcome

the lack of smoothness of w, we replace it by

Whp = fh(u7¢)7

where f;,, for h > 0, is the mollification,

) = [ o) maax(on. o)y (2.11)

and p > 0, € C5°(R?), with [ p =1, is the usual mollifier. With & sufficiently small, we

obtain from Lemma 2.1,

_ (Z)wn(l_—a‘g)kRn_%(oscBu)k (2.12)

as € — 0. By covering 2" with balls we conclude (2.8). O

We are now ready to prove Theorem 1.1. Let u € ®*(2) and suppose {u,,} C
®F(Q) N C2%(Q) converges to u in C°(Q). By Lemma 2.2, the integrals

/, F[um]

are uniformly bounded, for any subdomain ' CC € and hence a subsequence { Fj,[tuy,,]}
converges weakly [2] (in the sense of measures) to a Borel measure px[u] on Q. It remains
to show that the measure pylu| is determined uniquely by the function u. Accordingly
suppose that {um,}, {vm} C ®*(Q2) N C?(Q) are two sequences converging in C°(Q) to u

and that the corresponding sequences of functions { Fi[un,]}, {Fk[vm]} converge weakly
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to Borel measures v; and v, respectively. Let B = Br(y) CC Q and fix some o € (0,1).
Let n € C?(B) be a convex function satisfying 7 = 0 in B,r, 7 = 1 on dB. For fixed

e > 0, it then follows, from the uniform convergence of {u,,}, {v.,}, that
U < Uy, + €7 (2.13)
on 0B, for sufficiently large m. Let
G ={z € B | wm > vy +n}. (2.14)

Without loss of generality we may assume that 0G,, is sufficiently smooth so that from

Lemma 2.1 we have

/Gm Fifum] < /Gm Fi[om + 1. (2.15)

By adding £/2 to u,,, we may also assume that G,, D B, g, so that from (2.15), we have

/ m@a;/mm+m
Bor B
< / [D2Um —+ CSI]k
B

k—1

< [ Blenl+ 0 [ Bl (2.16)

j=0
where C' is a constant depending on 7. Using the estimate (2.11) and sending m — oo,

€ — 0, 0 — 1, we then obtain

v (B) < n(B). (2.17)

By replacing B by a sequence of balls B, r, with o, — 1, satisfying

VQ(BamR) =12 (EamR)a

we deduce v1(B) < v9(B) and subsequently by interchanging {u,,} and {v,,}, we have
v1(B) = v2(B), whence v; = v5. This completes the proof of Theorem 1.1, as the above
argument shows that py[u] is well defined as the weak limit of Fj[u,,| for any sequence
{um} converging to u in CY() and the mapping, px : C°(Q) — M (), the space of
locally finite Borel measures in () is weakly continuous. [J

Using Theorem 1.1, our previous inequalities may be extended to functions in ®*(Q).

In particular we have the following extensions of Lemmas 2.1, 2.2.

Corollary 2.4.  Let u,v € ®*(Q) N C°%(Q) satisfying u = v on OQ, u > v in Q. Then

the corresponding measures iy, satisfy

uelul(Q) < e )(9). (2.18)
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Corollary 2.5.  Let u € ®*(Q). Then for any subdomain Q' CC Q, we have
pu] () < Closcq u)F, (2.19)

where C' is a constant depending on Q and €Y.

§3. The Dirichlet problem

In the paper [20], existence and uniqueness results are obtained for the Dirichlet

problem for weak solutions of the equation

Filu] = (3.1)

for inhomogeneous term ¢ € LP(2) for p > 1. The classical case had been previously
treated in [5] (see also [18]). A function u was called a weak solution of equation (3.1)
in Q if there existed a sequence {u,,} C ®*(2) N C%(Q) converging in C°(N) to u with

the corresponding sequence {Fj[u,,]} converging in L} () to 1. From Theorem 1.1,

we have immediately, pg[u] = 1, so that the notion in (1.7) is more general. (Note that
when a Borel measure p is absolutely continuous and representable by a locally integrable
function ¢ we identify p with ). A comparison principle for weak solutions is proved
in [20] using estimates from [19]. From Corollary 2.4 we obtain a more general result as

follows.

Theorem 3.1.  Let u,v € C°(Q) N ®*(Q) satisfy

prlul 2 prlo] in €, (3.2)

uw<v on 0.

Then u < v in Q.

Proof. Assume {o} € Q and set
u(z) = u(z) +e(jz|* — d*)

for some € > 0, where d = diam(). Clearly we have

i 2l + () 29
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and 7 < u < v on €. Accordingly setting
Q. ={z € Q| u(z) > v(z)},
and assuming (). is non-empty, we have, by Corollary 2.4,

pr[u) () < pef](Qe) < pr[v](2),

which contradicts our hypothesis. Consequently, letting ¢ — 0, we infer v < v in . [J

Note that Corollary 2.4 and Theorem 3.1, were proved by completely different meth-
ods, (using the normal mapping), in the case k = n, [1] [4], [6]. The uniqueness assertion
in Theorem 1.2 follows immediately from Theorem 3.1. We may obtain the existence part
by approximation from the case v = 0, ([20], Theorem 1.1), using the Holder estimate
there to guarantee the local equicontinuity of the approximating solutions. However, this
estimate may be bypassed as k-convex functions are automatically Holder continuous if
k > %. To see this we fix a ball B = Br(y) C Q and observe that the function w given
by

w(z) = Cla —y>/*, (3.3)

where C' is a positive constant, satisfies
Frplw] =0, for z#uy. (3.4)

Consequently if u € ®%(Q) N C?(Q), we obtain, from the classical comparison principle
in the punctured ball, Br(y) — {y},

u(z) —u(y) < osc u [z —yl i (3.5)
Y= 5w R ’ '

provided k > %. It follows then that ®*(2) c C%*(Q2) for &« = 2 — % > 0 and moreover,

for any z,y € Q, x # y.
lu(z) —u(y)| _ oscu

= ) 3.6
ey S, (3.6)

where d; , = min{dist(z, 082), dist(y, 0Q)}. For k > %, the function w will be k-convex
in any domain and from [19], (see, in particular, (3.15), (3.16) in [19]), we have

Ruful = [0z - DI} )endi (3.7

where J,, denotes the Dirac delta measure at y.

To complete the proof of Theorem 1.2, we let {¢,,} be a sequence of non-negative

functions in C5°(2), converging weakly as measures to v, with support lying in some
8



subdomain Q' CC €. By virtue of the case p = 1, ([20], Theorem 1.1), there exists a
sequence {u,,} C C°(Q) N ®*(Q) of weak solutions of the Dirichlet problems

prltm] =v1 + Yy in Q, (3.8)
u= ¢ on 0.

From the L™ estimates in [19], [20], the sequence {u,,} is uniformly bounded in L>(2)
and hence, from (3.6), (see also [20], Theorem 4.1), equicontinuous in €', so that a
subsequence converges uniformly in ©'. Relabelling the subsequence as {u,,}, we fix

€ > 0, so that for sufficiently large m, [, we have,
(U, —wy| <e on Q. (3.9)

Using the comparison principle, Theorem 3.1 (or [20], Theorem 2.2), in the domain Q—/,
we then obtain (3.9) on the whole domain §2 and Theorem 1.2 follows from Theorem 1.1.
O

We remark that the necessary L estimates for the above proof (and also that of The-
orem 1.1 in [20]), also follow readily from the Sobolev inequality in [19, 24], and moreover,
(in the case k > n/2), can be derived simply from comparison with the functions (3.3),
[21].

As an example of Theorem 1.2, we see that for any uniformly (k — 1)-convex domain
2, and point y € (2, there exists a bounded Greens function G, given by the solution of
the Dirichlet problem,

pi|Gyl =0, in Q, (3.10)
Gy, =0 on 0f.

Furthermore it is readily shown that G, € C%*(Q) N C%'(Q — {y}), where a = 2 — 2,
and, in accordance with (3.7) (see also [19]), for Q@ = Bg(y), we have

G, (z) = {(’,;‘)lwn} 1/k2 ! : (\x gk RQ_”/k) (3.11)

The Greens function is used to sharpen maximum principles in [21].

When k£ < n/2, we cannot expect to obtain a continuous k-convex solution of the
Dirichlet problem (1.7) without further restrictions on v, for example, v € LP(Q) for
p > n/2k, as in [20]. In order to embrace this case, we extend our notion of k-convexity
to upper semi-continuous functions analogously to the general notion of subharmonic

functions in the case k = 1. Accordingly an upper semi-continuous function u: €2 —
9



[—00,00), is called k-convex if Fj[u] > 0 in the viscosity sense, that is, whenever there
exists a point y € Q and function v € C?(Q) satisfying u(y) = v(y), u < v in Q, we
must have F[v](y) > 0. Because our comparison argument above automatically extends
to upper semi-continuous k-convex functions, we infer again the estimate (3.5) and (3.6)
when k£ > n/2 so that there is no gain in generality in this case. However the functions
(3.3) will be k-convex for all k = 1,--- ,n and corresponding Greens functions arise by
solving (3.10) in an appropriate sense. The general case is treated in our ensuing paper

[23], together with further local properties of k-convex functions.

Finally, we note that Theorem 1.2 extends to embrace more general boundary data in
the presence of barriers and that the Perron process [12] is applicable also. In particular

the condition v; € L'(Q) may be replaced by
v < V[dist(ac,ﬁQ)}ﬁ_k_l (3.12)

for positive constants v and (3, as in the case k = n, (see [4], [20]).

84. Semi-convex and admissible functions

The theory in Section 2 extends to larger classes of functions. Analogously to the
notion of semi-convexity, we may call a function u € C%(), k-semi-convez if the function
v given by

1
v(x) = u(x) + §A]x|2, (4.1)

is k-convex for some fixed positive constant A. From the expansion,

Fylu] = (4, k,n)(—A)ij,j [v], (4.2)

M-

<
I
o

where ¢(j, k,n) = (Z) (?)/(kﬁj), we can then define uy as a signed Borel measure in €2,
by

c(g, k, n)(—A)j,uk_j [v]. (4.3)

M-

<
I
o

pr[u] =

If {u,,} is a sequence of k-semi-convex functions, with the same constant A, converging
in C%(Q) to a k-semi-convex function u, the corresponding sequence of measures fix[ty,]
will converge weakly to ux[u]. It follows that the definition (4.3) is independent of the

expansion (4.2).
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Following usual terminology ([16], [18]), we call a function u € C?(Q), admissible with
respect to the operator Fj, (or simply k-admissible) if

Sk(D2u + 77) > Sk (D2u) (4.4)

for all non-negative matrices n € $”. Condition (4.4) implies that the operator Fj is

degenerate elliptic with respect to u, that is,
[}/ (D?*u)] >0, (4.5)

and is weaker than k-convexity, although the two conditions coincide in the convex case,
k = n, A function u € C°(Q) is called k-admissible if there exists a sequence {u,,} C C?
of k-admissible functions converging to u in C%(2). If additionally the sequence {u,,}

satisfies

Fiolum] > — (Z) AF (4.6)

for a positive constant A, then the function u will be k-semi-convex, (with the same

constant A). To see this, we set
1
U = Uy, + §A|x]2

and expand

Ey, [Um] = C(ja kv n)Aij—j [um]

M-

<
I
(]

> Frlum] + <Z) AP

since Fjlum,] >0, j=1,---,k— 1. Equivalently, if u € C°(Q2) satisfies the inequality

Fiolu] > — (Z) AF (4.7)

in the viscosity sense ([11], [16]), then u is k-semi-convex with constant A. Consequently
we can define signed Borel measures . for such functions, which extend the smooth case

and are weakly continuous with respect to convergence in C°().

Alternatively, the existence of the signed measure p; can be approached directly since
Lemma 2.1 holds, more generally, for k-admissible functions u,v € C?(Q). In Lemma
2.2, we obtain, in place of (2.11), for k-admissible u € C?(Q),

// Fylu] < C{ /Q (Frlu])” + (OScu)k}. (4.8)
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Consequently, by following the proof of Theorem 1.1, we see that Theorem 1.1 can be
extended to the class ®*(€2; g) of k-admissible functions u which are limits in C°(Q) of

sequences {u,, } C C?(Q) of k-admissible functions u,, satisfying
Fk [um] > —g, (49)

where ¢ is a fixed, non-negative, locally integrable function in €2. Corollaries 2.4, 2.5
then extend also to ®%(£2; ¢g) with (2.19) replaced by

pelu] () < C{ /Qg—f— (oscu)k}. (4.10)

65. Hessian integrals
For u € C%(Q), we define the Hessian integral Iy [u] by
QM:Qmm:—/u@M. (5.1)
Q

If w = 0 on 02, we have by integration by parts,

1 ..

so that Ix[u] > 0 if, also, u is k-admissible. Imbedding properties of Hessian integrals
are treated in the papers [7], [19], [20], [24]. Using Theorem 1.1, we define an extension
of I to ®%(Q) N C°(Q) by

MMZﬁLWWM' (5.3)

Clearly Ix[u] is finite if uz[u](2) < oco. Letting ®F(£2) denote the subset of ®*(2) N
C°(Q) of functions vanishing on 99, we then obtain from the weak continuity of sy, the

approximation result.

Theorem 5.1.  Let {u,,} C ®&(Q) converge uniformly to u and suppose {py[um](2)}
is bounded. Then Ii[uy,] — Ii[u].

Proof. For Q' CcC Q, we have

pelul () < i infy ) (V)
12



so that py[u](2) < co. From (5.3) we have, for any n € CJ(2), 0 <n <1,

Tiftum] — Tulu] = /Q (0 — )i i) + /Q w(dpnf] — dpfum])

< SUp [u — | e [t} () + sup(1 =)l (o [um] (2) + purc[u) ()

+ /Q nu(dpu] — dpu[um])

—0,

as 1 — 1, m — oo. Interchanging u and u,, we obtain Ij[u,,]| — I;[u] as required. O

Remark. If we only assume {u,} C ®F(Q) converges to u in C°(), we obtain
Ie[tm; ] — Ii[u; Q'] for any subdomain Q' CC Q satisfying py[um](0Q') = 0, m =
1,2,---. If additionally, pg[um,] — pr[u] strongly in Q — Q' for some Q' CC €, then we
obtain Ij[uy,; Q] — Ii[u; Q] as above.

Monotonicity.

Hessian integrals enjoy corresponding monotonicity properties to the Hessian mea-
sures. Assuming u,v € C%(Q), u = v on 99, 9 € C2, and writing

we=(1—-tu+tv, 0<t<1, (5.4)
f(t) = Ix[wd],

we calculate

Ti[u] = Ix[v] = f(0) = f(1)

)= f
— /01 /Q(v — u) Fj[w]dt + /Ol/thS,ijDij(v —u)dt

= (k+1) /01 /Q(U — u) Py [w]dt + /01 /89 Sy Y Dy (v — ) dt, (5.5)

where, as in Section 2, 7 denotes the unit outer normal to 9€2. Accordingly, if © > v in
Q, u=wv<0on dN, with u and v both k-convex in Q, we infer I;[u] < I;[v]. More
generally, if M = maxgq u > 0, we replace u,v by u — M, v — M respectively, to obtain

Iplu] = Ii[u — M] + M [u](€2)
< Ii[v — M] + M py[v](€2)

We therefore have the following analogue of Lemma 2.1.
13



Lemma 5.2.  Let u,v € ®%(Q) N C?(Q) satisfy u=v on 92, u > v in Q. Then

By approximation, using Theorem 5.1, we then infer the analogue of Corollary 2.4.
Corollary 5.3.  Let u,v € ®F() satisfy u > v in Q. Then

Remark. More generally, if u,v € ®*(Q) N C%(Q), v > v in €, we obtain, using our

previous remark after Theorem 5.1,

lign i(I)lfIk[u;Q(;] < lim suply [v; Qs], (5.8)
- 0—0

where Qs = {z € Q | dist(z, 09) > 0}. Alsoif only u,v € ®*(Q), then I, [u; ] < I[v; ]

for any subdomain Q' CC €, where u > v and u = v on 9.

Variational derivatives.
From (5.5) we have

F(0) = (k+ 1) /

(u — v)Fy[u] — / uS} (D?u)yiry; Dy (v — ). (5.9)
Q o

Furthermore if D u = D v (or u = 0) on 052, we have

£(0) = (k+1) / (1 — v) Fyul, (5.10)

Q

£ = (1) | SYDR0)Diu =)D, (=) = 0

if u, v are k-admissible in 2. Moreover if ¢ = u — v has compact support in 25 for some

0 > 0, we have an upper bound,
") <(k+1)(n—k+ 1)/ Fj_1[w;] max |Dgl|?
Qs
k—1 2
< .
< C’(os_szcu +osc ¢)"  max|Dy| (5.11)

by Lemma 2.2. By approximation we then obtain the following variational formula.
Theorem 5.4.  Letu,v € ®*(Q)NCY(Q) with o = u—v € CZ(Q) and let f(t) = Ip[wy],

0<t<1. Then
F1(0) = (k+1) / (u — v)dpueu). (5.12)

Q
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Further Remarks.

Taking account of the preceding section, certain of the above results extend to semi-
convex or admissible functions. In particular Theorem 5.1 extends to sequences {u,,}
of k-semi-convex functions (with same constant A) or sequences {u,,} C ®*(Q,g) for
some g € L'(Q), vanishing continuously on Q2. The variational formula (5.12) remains
valid for u,v being k-semi-convex or k-admissible with u € ®*(Q, g). Furthermore, if
u,v € CO(Q) N®* (N, g) with u = v =0 on 9N, u > v in Q, we obtain from (5.10), the

inequality
Rl = 1ol < (1) [ (0= wd ] (5.13)

which complements Lemma 5.2. In the case & = n, (5.7) and (5.13) were proved by
Krylov [14]. Accordingly, if we define the functional J., on ®§(Q) by

1
k+1

Jk;,u[u] = Ik[u] —l—/Qud,u (5.14)

for u € ®F(£)), where p is a finite Borel measure on ), we obtain

T ulu] = m>in Jisuv], (5.15)
provided pg[u] = p. Consequently the solution of the Dirichlet problem (1.7) for ¢ =0
solves the variational problem (5.15). Related variational problems are treated in [3], [8],
[9], and [13].
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