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Abstract

We define a Z-graded monopole homology which gives an integer
lift of the periodically graded monopole homology for any closed 3-
manifold with a non-torsion Spin® structure. We construct a spectral
sequence, whose E'-term coincides with this lift, converges to the pe-
riodically graded monopole homology. As an application, we define a
trancated version of the relative Seiberg-Witten invariants that take
values in the E¥ _ of the spectral sequence.
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1 Introduction

For manifolds with b;(Y) > 0 we know (cf. [3], [10], [11]) that there is
a well defined Z, graded Seiberg-Witten-Floer homology HF W (Y,s), for
every choice of a non-trivial Spin® structure s € Spin®(Y’), where the integer
¢ = ((s) satisfies

l(s) = g.cd{{c1(L),0) :0 € Hy(Y,Z))}.

Here L = det W is the determinant line bundle of the spinor bundle W
associated to the Spin® structure s. In the following, we use equivalently the
notation L = det s and ¢ (s) to denote the corresponding Chern class. Here
we are assuming that ¢ (s) is non-torsion, hence ¢ # 0.

The first issue regarding the Floer homology HEW (Y,s) that we dis-
cuss in this paper is the integer lift of the Z, graded Floer homology.
The arguments we develop in this section hold for any 3-manifold (Y,s)
with non-trivial rational homology and with a Spin®structure satisfying
er(s)(Ho(Y, Z)) = (Z.# 0.

Analogous constructions of integer lifts of Floer homologies were derived
by Fintushel and Stern [5], in the case of instanton homology, and by Weiping
Li [7], in the case of symplectic Floer homology. We follow closely the



construction of [5] and show that, in our case, there is a well defined integer
lift of HEF *S (Vu[j ) (Y, s) of the Zs-graded Floer homology. Here w € R is a regular
value of the Chern-Simons-Dirac functional on the infinite cyclic cover space
of the gauge equivalence classes of connections and spinor sections.

By studying the Chern-Simons-Dirac function on this infinite cyclic cover

(@)

space, we will define an integer lift iy, of the indices of the critical points. We

thus form a chain complex CLE“)) (Y,s) depending on w € R. For any n € Zj,
the original Z,-graded Seiberg—Witten—Floer chain complex satisfies

=P lvs

keZ

where j = n(mod?).

In general, after defining a suitable boundary operator on C(w)(Y s),
we observe that the resulting homology groups HF S( o) (Y,s) do not satisfy
the simple relation @keZH i 93 (w)(Y,s) = HFSW(Y,s). However, the
Floer homologies HF3W ek (@) (Y,s) and HFSW (Y, s) are related via a spectral
sequence determined by a filtration of the chain complex C,(Y,s). This
spectral sequence converges to HF? W(Y, s), and the B! term coincides with
HFS i (Y.5).

*, (w

Theorem 1.1. There exists a spectral sequence El];,n(Y, 5),d") with k > 0,
n € Zy and q € 7 with ¢ = n(modl), which is a topological invariant of
(Y,s). Moreover, the spectral sequence (E(’;n(Y, 5),d") converges to the Zy-
graded homology groups HF*SW(Y, s) and whose E'-term gives the Z-graded
homology HFEK)(Y, s).

We show that there are truncated relative invariants of 4-manifolds with
boundary, that take values in the terms Eé“,n of the spectral sequence.
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2 Seiberg—Witten—Floer homology

In the following we present a construction of an integer lift of Seiberg—
Witten-Floer homology for a compact 3-manifold Y with b;(Y") > 0, and a
non—torsion Spin®-structure.

We recall some preliminary notions.



Let My (s) be the moduli space of gauge classes of solutions of suitably
perturbed Seiberg-Witten equations on a 3-manifold (Y, s), with b1(Y) > 0
and ci(s) a non-torsion element. A perturbation of the 3-dimensional
monopole equations by a co-closed 1-form p on Y can be chosen so that
all the solutions in My (s) are irreducible critical points. Under a generic
choice of such perturbation My (s) is a compact, oriented, 0-dimensional
manifold, cut out transversely by the equations inside the configuration
space B = A/G, where A is the space of pairs formed by a U(1)-connection
on det(s) and a spinor section of W, and G is the group of gauge transfor-
mations on (Y, s) (see [8] [10] [11]).

Seiberg-Witten—Floer homology is the homology of a Morse-Smale—
Witten complex associated to the Chern—Simons—Dirac functional on A,

CSD(A,) = —%/}/(A—AO)A(FA—I—FAO—Q\/—_l*p)

—I—/Y<1[),8Aw>dvoly.

A suitable class of perturbations that achieves transversality of the mod-
uli spaces of flow lines is introduced in §2 of [11]. For a different type of
perturbations, more conveniently defined directly as perturbations of the
Chern-Simons-Dirac functional, see [2] (cf. [4] [6]).

In particular, we work under the hypothesis that the additional per-
turbation of the Chern—Simons—Dirac functional is gauge invariant by con-
struction (as in [2]), so that the perturbed C'SD changes under gauge action
by

CSD(A(A, ) — CSD(A, ) = (81 (L) + 4xxp]) U N, [Y ],

where [\] € H'(Y,Z) determines the connected component of G that con-

tains A, and is represented by the closed 1-form 2w\lﬁ)‘_1d)“

The Seiberg-Witten-Floer homology groups HESW(Y,s) (cf. [3], [10],
[11]) are the homology groups of (C«(Y,s),0), where C.(Y,s) is generated
by the critical points of the perturbed C.SD on B. The entries of the bound-
ary operator 0 are defined by counting the points in the zero dimensional
components of the moduli space of unparameterized flow lines of the per-
turbed functional CSD on B. A considerable amount of technical work
goes into checking that the moduli spaces of flow lines have all the desired
properties that make this definition rigorous, and we refer the reader to [11]
for a detailed account. The resulting Floer homology HF>W (Y,s) is Z,-
graded with ¢Z = c;(s)(H2(Y,Z)). This is due to an ambiguity in the index




formula computed in terms of the spectral flow of the Hessian operator for
CSD around a loop in B. To understand this ambiguity, let (A, 1)) represent
a critical point a of C'SD on B, let A be a gauge transformation whose class
[A\] € H}(Y,Z) is non-trivial. Then the spectral flow of the Hessian operator
H from A.(A,v) to (A,1) can be calculated from the index formula for the
linearization of the 4-dimensional Seiberg-Witten equations on Y x S'. This
gives

SF(H)L, = (N Uals), V) € 2. (1)

(A) ’

Notice that the periodicity ¢ is an even number. In fact, the map
S(Y) — H?*(Y,Z), given by s — c;(dets), is equivariant with respect
to the action of H?(Y,Z), so that we have det(W ® H) = L ® H?, with
L = det(W) = det(s) and H € H?(Y,Z), cf. [9].

There is a natural and non-trivial way to lift these Zy-graded homology
groups to Z-graded homology groups, so that the Euler characteristic num-
ber agrees with the original one. Following the idea of [5], we will discuss
this integer lift and construct a spectral sequence which has the integer lift
as E! term and converges to the original Zs,-graded Floer homology.

3 Z-graded homology groups and the spectral se-
quence

The construction we present in this section holds for any 3-manifold Y with
b1(Y) > 0 and for any choice of a Spinstructure with non-torsion class
C1 (L)

As explained in [11], there is a cyclic covering of B, obtained by taking
the quotient of A, the space of U(1)-connections and spinors, with respect
to the subgroup Gy of the gauge group G given by

Ge={re G| {a(l)UA,[Y]) =0},

where ¢ satisfies ¢Z = ¢1(L)(H2(Y,Z)). This subgroup depends on ¢;(L).

The space B has the homotopy type of CP>® x K(H'(Y,Z), 1), hence it
has a universal covering obtained by taking the quotient of A by the identity
component of the gauge group. The resulting space B covers B with fibers
H(Y,Z). Define Hy to be

Hy= {h € Hl(Y7Z)|<cl(L) Uh, [Y]> = O}



The group Hy also depends on c¢;(L). Then the space B, = A/G, is a
covering of B with fiber HY(Y,Z)/H;, = Z. Hence By is an infinite cyclic
covering space of B.

The perturbed Chern—Simons—Dirac functional is a real valued functional
CSD : By — R on the covering space B;. The critical manifold My (s) is a
Z-covering of My (s). The critical values form a discrete set in R, which is
a finite set mod Z. Let €2 C R denote the set of regular values. Let w €
be a regular value. Given any point a € My (s), there is a unique element
a” in the fiber 771(a) in My (s) that satisfies C.SD(a®) € (w,w + 872().

We have the following Lemma which shows that the relative indices on
M (s), defined by the spectral flow of the Hessian operator, take values in
7.

Lemma 3.1. 1. The spectral flow of the Hessian operator H s ) of
the perturbed CSD functional around a loop in By is zero, hence the
relative index of any two points a and b in My (s) is well defined in
Z.

2. Let a be a critical point in My (s) € By, and let X € G/Gy be a gauge
transformation. We have the following identities:

CSD(Ma)) — CSD(a) = 87*([\ U cr(s), [Y]);
SF(Haw,p))%a) = (A Ueils), [Y]),

with [A] = [zw\lﬁ)‘_ld)‘]' Here SF(H(A(t),w(t)))‘i(a) denotes the spec-
tral flow of the Hessian operator H aw) ) along a path from A(a) to
a in Bg.

Proof. By the Atiyah-Patodi-Singer index theorem, we have

. 0
SE(Hawpn)ia = Index(z; + Hoap pw))-

This index calculates the virtual dimension of the 4-dimensional Seiberg—
Witten monopole moduli space on Y x St with the Spin® structure obtained
by gluing the Spin® structure s on Y x R along the two ends with the gauge
transformation A. By the index formula for the Seiberg—Witten monopoles,
we obtain

0
Indem(a + H(A(t),w(t)))

_ r\l/__l /Ycl(L)/\A_lclA
= ([\JUci(s), [Y]).
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The remaining claims are direct consequence of this index formula. O

Upon fixing a base point @g in My (s), we can define the following Z-
lifting of the Zs-grading of the elements of My (s).

Definition 3.2. We define the grading of elements in My (s) as the relative
index of the w-lifting in My (s),

i) (a) =iy (a¥) = SF(H () p)las-

This definition of the grading depends on the choice of the base point ag
and on the choice of a regular value w. Notice that we can reduce the choice
of ap to the choice of a base point ag in My (s).

Since now on, we fix a base point ag in My (s). Then ag is chosen to
be the unique critical point in 71(ag) with CSD(ag) € (w,w + 872¢). Tt is
easy to see, from the definition, that we have igﬁj ) = igﬁj ") whenever w and o'
are connected by a path in the set  of regular values. Moreover, we have

ig,w+87r2ké) = ig‘,”), for any k € Z.

Definition 3.3. For any q € Z, we define
M) (s) = {a € My (s) iy (a) = q).

The q-chains in the Z-graded Floer complex are the elements of the abelian
group C(gw)(Y, s) generated by the monopoles in Mgﬁg(s) The boundary op-
erator

o) C\(Y,5) — C¥(Y,5)

is defined as
ofNa)y = Y #(M°a,b))b,

beM)_ (s)

where Mo(a, b) is the zero dimensional components of the moduli space of
unparameterized flow lines in M(a, b). The compactness theorem (cf. §4 of
[11]) tells us that Mo(a, b) is an oriented, compact, 0-dimensional manifold.
Thus, the coefficient #(M°(a,b)) is well-defined as the algebraic sum of
points in M%(a, b).

)

The following Lemma shows that we have 85‘:1 )

homology groups are denoted as HF*SEZ) (Y,s), x € Z.

éw) = 0. The resulting



Lemma 3.4. 1. Forn € Zy and q € Z with ¢ = n(mod {), we have

=D Céike (2)

keZ

2. Under the decomposition as above, the boundary operator 0, on
Cn(Y,s) can be expressed as follows. Assume that a is a genera-

tor in Cq(w)(Y,s). Upon regarding a as a generator of Cn(Y,s) for
n = q(mod (), we obtain
On(a) = ) (a) + Y 0L
k>0
with 8;‘2 : C’(w)(Y s) — Cq( )Hkg(Yﬁ) for k> 0. In particular, the
relation Op_1 0 Op = 0 implies that af;i)l o 8,(1“]) = 0 is also satisfied.

Proof. The first statement about the decomposition of the chain complex
follows directly from the definition. Now we study the boundary operator
under this decomposition.

For any k£ <0, a € Mg‘;j;(s), and b € Mgﬂ‘j;_HM(s), we shall prove that
the 0-dimensional components Mo(a, b) in M(a, b) is empty, hence the entry
of the boundary operator is trivial, (b, d,(a)) = 0.

Notice that we have

§(a) =iv(@) =g and () =iy () =g — 1+ ke.

Thus, the moduli space of flow lines on By, M(a“’, b¥) has virtual dimension
—kl > 0. There exists a unique element [A\] € G/Gy, such that

(A Uer(L), [Y]) = =kl

This implies that we have iy (A(b¥)) = SF(H(A(t)W(t)))i(Ebw) =¢q—1, and
CSD(A(b¥)) = CSD(b*) — 812kl see Lemma 3.1.

When non-empty, M°(a, b) is isomorphic to M(a*, A(b*)). We can prove
that M(a®, \(b*)) is empty, since the CSD functional is non-increasing along
the gradient flow lines and the difference of CSD between a* and A(b*) is
negative:

CSD(a¥) — CSD(A(¥))
= CSD(a¥)—CSD(W)— (CSD(A(b)) — CSD(™))
= (0SD(a*) — CSD(b) + 872kl < 0,
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as k < 0 and |CSD(a®) — CSD(b)| < 8w2¢. This proves that the entries
below the diagonal are always zero.

For a € Mgﬁg(s) and b € M%J;_l(s), it is easy to see that we have

<8n(a)7 b> = (a(W) (CL), b>

q

For a € Mgﬁg(s) and b € Mg;j;_lJrM(s) with (k > 0), we can define

(01)(a),b) = (9n(a),b) = # (M (a,1)).

This counts the points in the zero dimensional components M°(a, b) in the
moduli space of trajectories on B from a to b. Equivalently, we have

(0% (a), b) = #(M(a®, A(B))),

where M (a®, A\(b*)) is the moduli space of trajectories on By from a* to
A(b*) and A represents the unique element [A] in G/Gy such that

(NUea(L),[Y]) = =k

Thus, we have iy (A(b¥)) = g — 1. Therefore, if non-empty, the moduli space
M(a¥, A(b¥)) is an oriented, compact 0-dimensional manifold with energy
given by

872kt + CSD(a*) — CSD(b”) > 8n%(k — 1) > 0.

This completes the proof of the Lemma. O

Example 3.5. Let (S! x Yg,8n) be a surface of genus g times a circle
with a Spin® structure sy, such that c1(s,) = 2nPD([SY]) where n # 0 and
In| < g — 1, then the results in [13] show that as Zga,-graded homology,
HESW (S x %, 8,) & H*(Sym¥(3,)) where d = g — 1 — |n| and Sym?(Z,)
is the d-fold symmetric product of ¥,. For a proper choice of w € R, we
know that

HFZ[\ (S % Sy, 8,) = H*(Sym® (%))

as Zi-graded homology groups. This is the case that

HFZW(S' x $y,8,) = D HF,, 1) (S % T, 50)
qE€Z

for k € Zp, and m € Z with k = k(mod n).



w) .

The expression of d,, and the appearance of o & in Lemma 3.4 lead us
naturally to introduce a filtration of the Z; graded complex C, (Y,s). The
filtration is given by

90, = @Y, (v.5).
k>0

for n € Zy, and q € Z with ¢ = n(mod £). Thus, we have
(W) w ()
F\)Cn C F)C, C F,2)Cp C oo C Cu(Y,8), (3)

a finite length decreasing filtration of the Z-graded Seiberg—Witten—Floer
chain complex. From Lemma 3.4, we see that the boundary operator

00 FWC, — F¥\Cuy

w)

preserves the filtration. Let Fq( H,, denote the homology of the complex

0w 8w P
~—>Fq( )C’n—>Fq(_%C’n_1—>---.

We define
FWHESY(Y,s) = Im(F* H, — HF;V (Y,5)).
We thus obtain a bounded filtration on HFYW (Y, s),

L C FYHFSY(Y,s) ¢ By HFSW (Y, 5)

c Fq(f)eHF,:?W(Y,s) C .- C HESW(Y,s).

The standard procedure of constructing the spectral sequence for a filtra-
tion [14] gives the following theorem on the relation between the Z-graded
and the Zs-graded homology groups.

Theorem 3.6. There exists a spectral sequence (Eg’n(Y, 5),d*) with

B3 (V) = HESLY (V;59)

q,(w

forn € Zy and q € Z with ¢ = n(mod ). The higher differentials
dk : E(I;,n(Ya 5) - 5—1+k€,n—1(y¢ 5)

(w)

are induced by the maps 8 . defined in Lemma 3.4. Furthermore, the spec-

tral sequence (E(I;n( s), dk) converges to the Zy-graded homology groups
HEW(Y,s).



Proof. By construction, the Zj-graded chain complex C,(Y,s) has a
bounded filtration (3) with the associated graded complex given by

D0 /) Cn = C)(Y,5),

Then by the standard technique of [14], we derive the existence of a spectral

sequence
(EY (Y, s),d")

with E} ,(Y,s) = HF> (Y, s), and

7,(w)

ZE,(Y.5) = {a € F{)Cy| 0,(a) € F) ., n_l}

b (Vis) = ZE,(Vi8) /(2501 (V.8) + 00 250 i (V2s).

The higher differentials are induced by 0,,. The expression of 9,,, as discussed
in Lemma 3.4, tells us that the higher differentials acting on E(];’n(Y, s) are

defined by 9\ O

3.1 Poincaré series and Euler characteristics

For a graded vector space Vi, the Poincaré series is defined as

P(V,,t) ==Y dimVyt",
N>0

and the Euler characteristic x(Vi) := P(Vi,—1), whenever this expression
makes sense. The Poincaré series of a bigraded vector space Fi , is defined
as

P(Eyy.t) = Z dim (p1q=nFEp,q) tN, (4)

N>0

and the Euler characteristic of E, , is again defined as x(Ey ) := P(Ey «, —1)
whenever the expression makes sense. If V, is a graded vector space with a
filtration F°V, C F'V, C --- FNV, C ---V,, then P(V,,t) = P(E? (Vi),t).
Given two graded vector spaces Vi and W, we say that P(V,,t) > P(W,,t)
if the power series P(V,,t) — P(W,,t) has non-negative coefficients.

In the following, we denote by SW®)(Y,s) the invariant of
3-manifolds obtained as the FKEuler characteristic of the Z-graded
Floer homology, SW®(Y,s) := X(HFS&/)(K s)).  We denote by
SW(Y,s) :== x(HF5W (Y,s)), the invariant of 3-manifolds obtained as Euler
characteristic of the Z, graded Floer homology.
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Proposition 3.7. The Poincaré series of Eé“,n(Y,s) satisfy the following
properties.

1. P(E},(Y,s),t) > P(E2,(Y,s),t) > --- P(HF?Y(Y,s),t)

2. X(EF.(Y,s)) = SW(Y,s), for all k > 1.

Proof. The first property follows from standard results on spectral se-
quences (cf. [12]). The last statement is obtained by computing the Euler
characteristics at the chain level. In fact, using the identification (2) of chain
complexes, we see that

SW(Y;5) = X(C.(Y;5)) = X(CY (Y, 5)) = SW) (Y, 5).

This implies that P(E] ,(Y,s),—1) = P(HFW(Y,s), 1), then the state-
ment follows from the first property. O

We see, this way, that the Poincaré series of the terms Eg’n(Y, s), k>2
in the spectral sequence give refined invariants of the 3-manifold Y, all of
which correspond to the same Euler characteristic SW (Y, s).

4 Truncated relative invariants

Let X be an oriented Riemannian 4-manifold with a cylindrical end modeled
on Y x [0,00). Let sx be a Spin® structure on X and s the induced Spin®
structure on Y, with ¢Z = ¢1(s)(Hz(Y,Z)). We denote by My (s) the moduli
space of Seiberg-Witten monopoles on (Y,s) and by My (s) its Z-covering
as in the previous section. If Mx y (s) denotes the covering of My (s) with
fiber HY(Y,Z)/Im(i*), with i* : HY(X,Z) — HY(Y,Z), we have a diagram

of covering maps

MX,y(s)

o

My (s) ——= My (s)

For each a € Mx y (s) it is possible to define a moduli space M x(sx,a)
of gauge classes of solutions of the the Seiberg—Witten equations on X,
whose asymptotic limit lies in the class of a. The analysis required to set
up the theory of these moduli spaces of relative invariants and the main

11



results about their properties are presented in [3]. We simply recall here
that there is a suitable perturbation theory, such that, for generic choice of
the perturbation p, the moduli space Mx y(sx,a) is smooth of the expected
dimension, computed via the index ix(a) of the deformation complex of
the perturbed Seiberg—Witten equations on X. Components of a given
dimension ix(a) = d admit a compactification to a smooth manifold with
corners, where the boundary strata are identified with moduli spaces of
Seiberg—Witten monopoles on X and on the cylinder Y x R. Thus, it is
possible to define relative invariants of the 4-manifold with boundary X, of
the form

SWx(sx,) : AX) = HED] iy (Y25), (6)

where A(X) = Sym*(Ho(X)) ® A*(H1(X)/Torsion). These are obtained by
constructing, for each monomial z = U¥y; Ayg--- Ay with 2k +£=d > 0,
compact, zero-dimensional, oriented, smooth submanifolds

MAE(sx,a) © Mx p(sx,a),

and setting _
SWX(5X7 2, (I) = #M%’:(EX, a)'

The independence of this definition on the additional choices that determine
the data (A,Z), in the construction of these submanifolds, is discussed in
[3]. The Floer homology in (6) is a natural lift of the Z, graded Floer
homology H FEW(Y, s) obtained by considering moduli spaces with respect
to the action of the group of gauge transformations on Y that extend to X.
This is again discussed in detail in [3]. For d = deg(z), the chain element in
O*,[Im(z*)](}/v 5) is given by

SWx(sx,2) = > SWx (sx,2,a){a). (7)

a€Mx v (s)ix (a)=d

The properties of the compactification of the moduli spaces Mx p(sx,a)
show that this is a cycle, hence it defines a class in HF S[Vlvm(i*)](Y, s).

This definition of relative invariant is the one best suited in order to
have gluing formulae of relative invariants that correspond to splitting a
compact 4-manifold along a separating compact 3-manifold, into two 4—
manifolds with boundary, with the invariants of the compact 4-manifolds
obtained via a pairing of the Floer groups of the 3—manifold, along the lines
of Atiyah’s formulation of a TQFT. However, if we are interested in relative

invariants just as invariants of 4—manifolds with boundary, then it is possible
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to introduce other versions, which involve smaller moduli spaces, and are
therefore, in principle, more easily computable.

First we notice that the coverings of moduli spaces (5) allow us to define
a relative invariant

W/X(ﬁXVZ) = Z ST/I/X(EX7Z)6)<(~I>7 (8)
aeMy (s),ix (a)=d

as a formal linear combination of elements in My(s), with
SWX(ﬁx, Z, d) = Zaéfr)—(l(ﬁ) SWX(E)(, z,a).

Then we choose a regular value w of the Chern-Simons-Dirac functional
CSD on My (s), with the property that

w > max{CSD(a) : SWx(sx,za) # 0}. (9)

We can then write (8), separating the generators (a) according to the values
of CSD(a):

ST//I/X(5X,Z) :Z Z S’T//VX("SX?Z?&) <a>7 (10)
k>0 \CSD(@)ely,ix(a)=d

where we use the notation I}, = (w — 87%(k + 1)f,w — 872k().
We define a truncation of (10) at level N by setting

™NSWx(sx,2) == > SWx(sx,za) | @. (11)
0<k<N \CSD(a)ely,ix(a)=d

Notice then that, if @ € My (s) satisfies CSD(a) € I, the corresponding
element a*, in the same fiber of the map 7 : My (s) — My (s), is related to
a by a gauge transformation a¥ = Ay - a, with ([Ag]Uci(s), [Y]) = kL. Thus,
if (w(a)) is a generator in C,(Y,s), then the element a* defines a generator
(a¥) € Céﬂd(Y,s), with ¢ =n mod ¢. Thus, we can apply to (11) a shift
given by the gauge transformations Ag.

We obtain an element

SWX(EX,Z,N) = Z Z ST/I/X(sXaza )\];law) <aw>7 (12)
0<kSN \ av,ix (A taw)=d

13



where each term ) —d SWx (sx,2, Ay a®)(a”) defines a chain in

Cl) (Y.5).

Notice that this shift by the gauge transformations Ay also induces the
Z-action:

aW,iX()\Izlaw)

k:HF)(Y,5) S HE 7 (v,), (13)
where HY(Y,Z)/Ker(c1(s)) = Z.

Theorem 4.1. The truncated relative invariants SWx(sx,z, N) of (12)
define classes in EéYn(Y, s).

Proof. The fact that (7) is a cycle with respect to the boundary operator
of the Floer complex of HFE[VIVm(i*)} (Y,s) implies that, when we apply 0, to
the truncation SWx (sx, z, V) we obtain

o+ S 9Y) | SWx(sx,z N) =0.
0<k<N-1

In fact, we know that 8;‘:2 : Céw)(Y, 5) — Cé“_J)HM(Y, s) for k> 0, and w is
chosen satisfying condition (9). This implies that

0n(SWx (sx,2,N)) € F) , vy (Y. 5),

hence SWx(sx,z,N) € Zé\fn(Y, s) defines a class in Eé\fn(Y, s).
O

The construction presented here is analogous to the relative invariants
defined by Fintushel and Stern in [5], with values in the £y, terms of their
spectral sequence. Using their formulation, we should consider the invariant
SWx (sx,z, N) as obtained by counting oriented points in zero-dimensional
moduli spaces M%’E’(w)’N(s x,a) inside the d = deg(z)-dimensional moduli
spaces of [A, V] € Mx(sx,a) satisfying

—/ FANFy <8Nl —w. (14)
X

Notice, however, that CSD(A,) = CS(A) at a solution a = [4, ] of the
3-dimensional SW equations, since the quadratic term in the spinor vanishes
at a 3d monopole solution. Thus, the condition (14) can be rephrased as
CS(a) = CSD(a) > w — 872N/, hence it agrees with the condition used in
the truncation on (11).

14



References

1]

[5]

[6]

[7]

8]

M.F. Atiyah, V.K. Patodi, I.M. Singer, Spectral asymmetry and
Riemannian geometry, LILIIT; Math. Proc. Cambridge Phil. Soc.
77 (1975) 43-69; 78 (1975) 405-432; 79 (1976) 71-99.

B. Booss—Bavnbek, M. Marcolli, B.L. Wang, Weak UCP and
perturbed monopole equations, International Journal of Mathe-
matics, Vol. 13, No. 9 (2002) 987-1008.

A L. Carey, B.L. Wang, Seiberg—Witten—Floer homology and glu-
ing formulae, prerpint, math.GT/0206047.

A.L. Carey, B.L.. Wang, Notes on Seiberg-Witten-Floer the-
ory. Geometry and topology: Aarhus (1998), 71-85, Contemp.
Math., 258, Amer. Math. Soc. 2000.

R. Fintushel, R. Stern, Integer graded instanton homology groups
for homology three-spheres, Topology 31 (1992), no. 3, 589-604.

P.B. Kronheimer, Embedded surfaces and gauge theory in three
and four dimensions. Surveys in differential geometry, Vol. 111
(Cambridge, MA, 1996), 243-298, Int. Press, 1998.

W. Li, Kinneth formulae and cross products for the symplectic
Floer cohomology, Topology Appl. 110 (2001), no. 3, 211-236.

Y. Lim, Seiberg—Witten invariants for 3-manifolds in the case
by =0 or 1, Pacific J. Math. 195 (2000), no. 1, 179-204.

M. Marcolli, Seiberg—Witten gauge theory, Texts and Readings
in Mathematics, Vol. 17, Hindustan Book Agency, New Delhi,
1999.

M. Marcolli, Seiberg—Witten—Floer homology and Heegaard split-
tings Internat. J. Math., Vol 7, No. 5 (1996) 671-696.

M. Marcolli, B.L. Wang FEquivariant Seiberg—Witten—Floer ho-
mology, Communications in Analysis and Geometry, Vol. 9 N. 3
(2001) 451-639.

J.McCleary, User’s guide to spectral sequences, Cambridge Univ.
Press, 2001.

15



[13] V. Muitioz, B.L. Wang Seiberg—Witten—Floer homology of a sur-
face times a circle, preprint, math.DG/9905050.

[14] E. Spanier, Algebraic Topology, McGraw-Hill, New York, 1966.

Matilde Marcolli and Bai-Ling Wang,
Max—Planck—Institut fiir Mathematik,
Vivatsgasse 7, D-53111 Bonn, Germany.

marcolli@mpim-bonn.mpg.de
bwang@mpim-bonn.mpg.de

16



